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Abstract
This work is concerned with a mixed boundary value problem for a semilinear
parabolic equation with a memory term. Under suitable conditions, we prove that the
energy functional decays to zero as the time tends to inﬁnity by the method of
perturbation energy, in which the usual exponential and polynomial decay results are
only special cases.
1 Introduction






a(x)∇u(s)]ds = , (x, t) ∈  × (,∞), (.)








a(x)∇u(s) · ν]ds = f (u), (x, t) ∈  × (,∞), (.)
u(x, t) = , (x, t) ∈  × [,∞), (.)
u(x, ) = u(x), x ∈ , (.)
where  ⊂ Rn (n ≥ ) is a bounded domain with suﬃciently smooth boundary ∂ such
that ∂ =  ∪ ,  ∩  = ∅, and  and  have positive measures, ν is the unit out-
ward normal vector on ∂, and g , a, f , and u are memory kernel, coeﬃcient, nonlinear,
and initial functions, respectively, satisfying appropriate conditions; see (H)-(H) in Sec-
tion .
Many natural phenomena in engineering and physical science have been formulated
with the nonlocal equation (.) as a mathematical model. For example, in the study of
heat conduction in materials with memory, the classical Fourier law of the heat ﬂux is







g(t – s)∇[a(x)u(x, s)]ds
)
,
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where u is the temperature, 
q the heat ﬂux, λ the diﬀusion coeﬃcient and the integral
term represents the memory eﬀect in the material. The memory kernel g is deﬁned on
[,∞) and represents the negative derivative of the relation function of heat ﬂux. The
heat balance equation implies that u(x, t) will satisfy (.), provided that the temperature is
assumed to be known for t ≤ . The study on this type of equations has drawn considerable
attention; see [–]. From the mathematical point of view, one would expect the integral
term in the equation above is dominated by the leading term –λ∇u. Hence, the theory of
parabolic equations can be applied to this type of equations.
To motivate our work, let us recall some results on the global existence, blow-up so-
lutions, and asymptotic properties of the initial boundary value problems for semilin-
ear parabolic equations and systems with or without memory term. In the absence of
the memory term (g = ), there are many results on the global existence and ﬁnite time
blow-up of the solutions for the semilinear parabolic equation; see the monographs [, ]
and the survey papers [–]. Roughly summary, the global and nonglobal existences and
the behavior of solutions depend on nonlinearity, dimension, initial data, and nonlinear
boundary ﬂux. Concerning systems, we refer to [].





g(t, s)uxx(x, s)ds = au – u, (x, t) ∈ (,π )× (,∞),
subject to homogeneous Dirichlet boundary condition, and discussed that the bifurcation




(u + λ)p ds = f (x), (x, t) ∈  × (,∞),
with homogeneous Dirichlet boundary condition, where f (x) ≥  is a smooth function
and λ > . The author established the existence and the uniqueness of the local classical
solution, and obtained some criteria for solutions to blow up in a ﬁnite time. Moreover, he
obtained some results on the blow-up points under some suitable assumptions. In [], Ya-





g(t – s)u(x, s)ds = (a – bu)u, (x, t) ∈  × (,∞).
Moreover, there have also been published many other results for single equations with
memory. We refer the readers to [, ] and the references therein. Concerning systems,
similar examples exist in the works of Pao [] and Yamada [], as well as others.
Recently, Messaoudi [] studied the semilinear heat equation with a source term of




g(t – s)u(x, s)ds = |u|p–u, (x, t) ∈  × (,∞),
where the relaxation function g : R+ → R+ is a boundedC-function and p > , and proved
the existence of a blow-up solution with positive initial energy by the convexity method.
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Later, Fang and Sun [] improved the results of [], when |u|p–u is replaced with a fully





g(t – s)u(x, s) = , (x, t) ∈  × (,∞),
subject to homogeneous Dirichlet boundary condition, and proved that if A(t) ∈ C(R+) a
bounded square matrix such that
(
A(t)v, v
) ≥ c|v|, ∀t ∈ R+, v ∈ Rn,
then the solutionwith small initial energy decays exponentially form =  and polynomially
for m > . Thereafter, Messaoudi and Tellab [] established a general decay result from
which the usual exponential and polynomial decay results are only special cases.
On the other hand, for the uniform decay of solutions of the viscoelastic equation with
a nonlinear source or variable diﬀusion coeﬃcient a(x), we reader to [, ].
Accessing the relevant papers, one can ﬁnd that research on the asymptotic behavior
of the solution for the nonlocal semilinear parabolic equation (.) with mixed boundary
conditions has not been started yet. Very recently, for mixed boundary problem (.)-(.)
with generalized Lewis functions, Fang and Qiu [] proved the existence and uniqueness
of global solution and the energy functional decays exponentially or polynomially to zero
as the time tends to inﬁnity by the technique of Lyapunov functional. Motivated by this
observation, we intend to study the generalized property of energy decay for the initial
mixed boundary value problem (.)-(.) using the technique of perturbation energy.
The rest of our paper is organized as follows: In Section , we present some assumptions,
lemmas, and an energy functional, and give the energy decay results in Section .
2 Preliminaries
Throughout this paper,Weuse the standard Lebesgue space Lp(), Lp() and the Sobolev
spaceH(),H() with their usual scalar products and norms. To simplify the notations,
we denote ‖u‖Lp() and ‖u‖Lp() by ‖u‖p and ‖u‖p, , respectively.
We give the following general hypotheses on the memory kernel g , coeﬃcient a, non-
linearity function f , and initial function u:
(H) g : R+ → R+ is a nonincreasing diﬀerentiable function such that g() > , and there
exists a diﬀerentiable function ξ satisfying
g ′(t)≤ –ξ (t)g(t), t ≥ ,
where ξ (t) > , ξ ′(t)≤ , ∀t >  and ∫ ∞ ξ (t)dt = +∞.




g(s)ds = l > .
(H) The function f : R→ R is Lipschitz continuous and satisﬁes
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(H) (Compatibility condition) The initial function u satisﬁes
u ∈ V ∩H(), –∂u
∂ν
= f (u),
where the set V = {u|u ∈H(),u =  on }.
Remark  There aremany functions satisfying (H) and (H). Examples of such functions
are
g(t) = c( + t)ν , for c > ,ν < –;
g(t) = ce–d(t+)
ν , for c > ,d >  and  < ν ≤ ;
g(t) = c
[ln( + t)]ν
 + t , for c > ,ν < –,
with a(x) = x+ .
Remark  The condition  – ‖a‖L∞
∫ ∞
 g(s)ds = l >  is necessary to guarantee the
parabolicity of problem (.)-(.).
In order to deﬁne an energy functional E(t) of problem (.)-(.), we give the following
computation:








k(x, t)|∇u| dx +
∫


















g ′ ◦ ∇u)dx = , (.)
































k(x, t)|∇u| dx + 
∫






≥ k(x, t) =  – a(x)
∫ t

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We recall the trace Sobolev embedding V ↪→ L(), and the embedding inequality
‖u‖, ≤ B∗‖∇u‖, where B∗ is the optimal constant.
One can have the following nonincreasing property on E(t).















|ut| dx≤ . (.)
Secondly, we give the deﬁnition of a weak solution of (.)-(.).
Deﬁnition  Aweak solution of (.)-(.) is a functionu ∈ C([,T];V )∩C([,T];L()),























f (u)φ(x, s)d ds = ,
for all t ∈ [,T) and all φ ∈ C([,T];V ).
Remark  By using a similar argument in [], one can show the existence and uniqueness
of the global solution to problem (.)-(.) with assumptions (H)-(H) by the technique
of Galerkin, the contraction mapping principle, and a continuation argument.
3 General energy decay rate
In this section, we establish the estimates of general uniform energy decay rates and in-
troduce a perturbed energy functional
G(t) = E(t) + εϕ(t) + εψ(t),











g(t – s)a(x)u(s)dsdx. (.)






























































(g ◦ ∇u)dx≤ cE(t),
where C∗ is an embedding constant satisfying the Poincaré inequality, ‖u‖ ≤ C∗‖∇u‖.
Hence, we have
( – εc – εc)E(t)≤G(t)≤ ( + εc + εc)E(t).
Thus, selecting ε = ε = (c+c) , we get (.).
We now give precise estimates of the derivatives ϕ′(t) and ψ ′(t) which will be used in
the proof of our main results.
Lemma  Suppose that assumptions (H)-(H) hold and u ∈ V . If u is a solution of prob-
lem (.)-(.), then ϕ(t) satisﬁes
ϕ′(t)≤  – ll
∫





































































































(g ◦ ∇u)dx + 
[





By taking η = l–l in the inequality above, we obtain (.), which completes the proof. 
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Lemma  Suppose that assumptions (H)-(H) hold and u ∈ V . If u is a solution of prob-
lem (.)-(.), then ψ(t) satisﬁes
ψ ′(t) ≤
[




































g ′ ◦ ∇u)dx + 
∫

∣∣f (u)∣∣ d. (.)
















































g ′(t – s)a(x)u(s)dsdx. (.)



























































g ′(t – s)a(x)






















































g ′ ◦ ∇u)dx, (.)












∣∣f (u)∣∣ d + B






















( + η)( – l)











































By taking η = l–l in the inequality above, we get (.), which completes the proof. 
Using the above estimates (.) and (.), we can obtain the general uniform decay es-
timate of the energy functional.
Theorem  Suppose that assumptions (H)-(H) hold and u ∈ V . Then, for each t > ,
there exist two positive constants c and λ for which the solution of (.)-(.) satisﬁes
E(t)≤ ce–λ
∫ t
t ξ (s)ds, ∀t ≥ t.






g(s)ds = g > , t ≥ t.
By (.), (H), and Lemmas  and , we have













|ut| dx +  – ll ε
∫

















( + δ)( – l)
]
ε‖∇u‖
























































+  – ll
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( + δ)( – l)
]
















(g ◦ ∇u)dx, ∀t ≥ t. (.)
Multiplying (.) by ξ (t), one can see that








g ′ ◦ ∇u)dx
≤ –cξ (t)E(t) –CE′(t),
from (.) and (H). Let L(t) = ξ (t)G(t) +CE(t) and then L(t)∼ E(t). Hence, we arrive at
L′(t)≤ –cξ (t)E(t)≤ –λξ (t)L(t), ∀t ≥ t, (.)
by (H) and (H), where λ is a positive constant. A simple integration leads to
L(t)≤ L(t)e–λ
∫ t
t ξ (s)ds, ∀t ≥ t.
Again, employing L(t) is equivalent to E(t) leads to,
E(t)≤ ce–λ
∫ t
t ξ (s)ds, ∀t ≥ t, (.)
where c is a positive constant. This completes the proof. 
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Remark  The exponential and polynomial decay estimates are only particular cases of
Theorem . We illustrate the energy decay rate:
(i) If
ξ (t) = α, α > ,
then (.) gives the exponential decay estimate
E(t)≤ ce–λαt .
Similarly, if
ξ (t) = α( + t)–, α > ,
then we obtain the polynomial decay estimate
E(t)≤ c( + t)–λα .
(ii) If
g(t) = αe–α(ln(+t))ν
with α,α >  and ν > , then H holds for
ξ (t) = αν(ln( + t))
ν–
 + t .
Thus, (.) gives the estimate
E(t)≤ ce–λα(ln(+t))ν .
(iii) If
g(t) = α( + t)ν(ln( + t))α
with α > , ν >  and α ∈ R (or ν =  and α > ), then for
ξ (t) = ν(ln( + t)) + α( + t)(ln( + t)) ,
we obtain from (.)
E(t)≤ c[( + t)ν(ln( + t))α ]λ .
Remark  It can be seen that the estimate (.) is also true for t ∈ [, t] by the continuity
and boundedness of E(t) and ξ (t).
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